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Abstract. We give a theoretical treatment of magnetic dipole absorption of electromagnetic
radiation in small conducting particles, at photon energies which are large compared to the
single-particle level spacing, and small compared to the plasma frequency. We discuss both
diffusive and ballistic electron dynamics for particles of arbitrary shape.

The conductivity becomes non-local when the frequency is smaller than the frequency
characterizing the transit of electrons from one side of the particle to the other, but in the
diffusive casew; plays no role in determining the absorption coefficient. In the ballistic case,
the absorption coefficient is proportional & for » < wc, but is a decreasing function of
for w > wc.

1. Introduction

The interaction of electromagnetic radiation with small conducting particles has attracted
much interest, both from experimental and theoretical perspectives. Historically, exp-
erimental work in this field has been frustrated by the difficulties associated with obtain-
ing uniform and precisely characterized metal grains by techniques such as abrasion or
precipitation. References [1-3] are general reviews of this field. Recently there has
been a revival of interest in this topic, caused by new developments in both experimental
techniques and theoretical perspectives. The problems of controlling the size, composition,
and microscopic structure of the particles can be overcome using lithographic technologies
from the field of mesoscopic physics, reviewed in [4]. Theoretical interest in this problem
has been stimulated by wishing to understand the response of ‘generic’, ‘chaotic’ quantum
systems to perturbations, by extending the random-matrix models for spectra: this approach
was initiated in a seminal paper by Gorkov and Eliashberg [5], and more recent work on
applications of random-matrix methods is reviewed in [4].

For sufficiently low frequencyw, classical electromagnetic theory suggests that the
absorption scales a, and therefore dominates scattering, which scales*adhe classical
theory of the interaction of electromagnetic radiation with spherical particles of uniform
composition was considered by Mie [6]; the theory encompasses conducting particles with
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a complex dielectric constant, which is often modelled by the Drude theory [7]. If the
particles are small compared to both the wavelength and the electromagnetic skin depth
of the radiation, the dominant contributions to the absorption are called the electric and
magnetic dipole terms [8]. In both cases the absorption is due to Joule or Ohmic heating
caused by electrical currents flowing through the particle: the electric dipole term is due to
currents which establish electrical polarization of the particle, and the magnetic dipole term
is due to eddy currents induced by variation of the magnetic field.

At frequencies below the plasma frequency, the electric field is screened from the
interior of the particle, but the magnetic field can penetrate the whole of the particle.
Although magnetic effects are negligible in atomic absorption processes, they could become
significant when the number of atoms in the particle is sufficiently large that most of the
atoms are screened from the electric field. In fact, magnetic dipole absorption is often the
dominant absorption process in suspensions of small metal particles [9]. Very few of the
many theoretical papers on absorption of radiation by small particles have considered the
magnetic dipole contribution; some exceptions are [1, 10] which consider magnetic dipole
absorption in the context of effective-medium theories. Because it is typically the dominant
contribution, it is appropriate to consider the problem of magnetic dipole absorption in some
detail.

The Mie theory is restricted to spherical particles in which the dynamics of the charge
carriers is diffusive, and qguantum mechanical effects are ignored. In this paper we will give
the first theoretical treatment of magnetic dipole absorption going beyond the Mie theory.
The conducting particle is modelled as a container or arbitrary shape, which confines a
gas of non-interacting fermions (which we term electrons): this is the standard model
for metallic systems with high densities of charge carriers. The motion of the electrons
within the boundary of the container may be either free, which we refer to as the ballistic
case, or it may be impeded by elastic scatterers, which result in the electron trajectories
within the particle being diffusive: these model the limiting cases of very pure and very
disordered conductors. Our approach allows for arbitrary particle geometries, and we give
careful consideration to the fact that the conductivity is non-local when the particles are
very small: quantum mechanical effects are included using a semiclassical approach. The
paper complements [11-13], which gave a comparably comprehensive treatment of electric
dipole absorption.

We do not explicitly consider the structures in the absorption close to the single-particle
level spacing which were originally considered by Gorkov and Eliashberg [5]. These
structures are determined by repulsion between energy levels and the appropriate tool to
analyse them is random-matrix theory. Their full characterization requires an estimate of a
mean square matrix element, which was not given correctly in [5]. Our results for the low-
frequency limit provide the correct estimate of this quantity for magnetic dipole absorption.

Sections 2 to 4 will be concerned with various aspects of the formulation of the problem,
discussing respectively the relation between the absorption of radiation and correlation
functions of the electron motion, the criteria for a self-consistent solution of the equations
determining the electric field driving the eddy currents, and the definition and semiclassical
estimation of the non-local conductivity which is required to determine the self-consistent
field. Our semiclassical estimates for the non-local conductivity are closely related to
expressions given by Argaman [14]. In section 5 we develop the theory for magnetic dipole
absorption in particles with diffusive electron motion, assuming that the electric field is
known. This calculation also yields the form of the non-local conductivity applicable to the
diffusive case: in section 6 we consider the solution for the self-consistent field, and discuss
results for some specific geometries. Our formula for the non-local conductivity is identical
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to one given by Serota and co-workers [15, 16], who used diagrammatic techniques. Our
derivation is more direct and requires fewer assumptions: we discuss this point further in
section 6.

Our approach uses a semiclassical estimate described in [17], which relates mean squared
matrix elements to classical correlation functions. We might expect that there should be
features in the absorption spectrum which are related to the characteristic timescale for
decay of classical correlations, in this case the typical time for a particle to cross the
particle; the importance of this timescale was emphasized by Thouless [18], and in the case
of diffusive electron motion, we will refer to the characteristic frequency segle: D /a?
as the Thouless frequency (is the diffusion constant and is the characteristic size of
the particle). Another reason for expecting to play a role in determining the absorption
coefficient is that the conductivity is non-local whenis not large compared te,. We
find however thato. plays no role in the final expression for the absorption coefficient.

We consider the case of ballistic electron motion in section 7. We are only able to gain
limited information about this case: we find that the absorption coefficient is proportional
to w? at frequencies small compared d@ = vg/a, and that it is a decreasing function of
frequency forw > w.

Our conclusions are in many ways parallel to those for electric dipole absorption. In
ballistic systems, it was found [11, 12] that the electric dipole absorption has resonances in
the absorption coefficient with a frequency scale= a/vg, whereug is the velocity at the
Fermi energy. By contrast, in the case of diffusive electron motion, it was found [13] that
there is no structure in the absorption coefficient at the frequency sgateD/a?.

Finally, we remark that there is a large literature concerned with the effects of time-
dependent magnetic fluxes on metallic loops: when the magnetic flux varies sinusoidally,
the absorption of energy by the loop is a special case of the magnetic dipole absorption
which we consider here. Most of the papers on this topic are concerned with quantum-size
effects analogous to those considered by Gorkov and Eliashberg [5]; two recent studies in
this area are [16] and [19, 20].

2. Formulation of the problem

The absorption of radiation is usually described by an extinction coeffigiénj, which

is defined as the fractional loss of intensity per unit length of sample, divided by the
volume fractionF occupied by the particles. We will express our results in terms of the
rate of absorption of energydE /dt) within a single particle. If the amplitudes of the
electric and magnetic fields arg, are By respectively, the intensity of the radiation is

I = eoE3 = BZ/2u0, and the relationship betweenand (dE/d) is therefore

2 dE
_ aE 2.1
v VE()CE3< dr > ( )

where V is the volume of a single particle. In this paper we will define the absorption
coefficienta(w) as the rate of absorption of energy for a single particle, divided by the
electric field intensity:

1 /dE 1 [dE
“©=gla) " amla) @2

The normalization with respect to electric (rather than magnetic) field intensity is used to
facilitate comparison with the results in [11-13].
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The particle will be considered to consist of a static potential well which traps a gas
of non-interacting fermions (electrons), initially with occupation probability£) (which
would be identified with the Fermi—Dirac distribution). In a quantum mechanical calculation
the rate of absorption of energy is determined by the Fermi golden rule. This states that the
rate of transition under the action of a periodic perturbation with frequeneynd matrix
elementsAH,,, from a state with energy,, to a quasi-continuum of final states with
energies close t&,, = E, + how is

_T 2
R = Zﬁg(Em)“AHnm' Jeo (2.3)

whereg(E,,) is the density of final states arth H,,,|°),, is the mean square matrix element
for transitions fromk, to states close t&,,. The energy absorbed by an electron making
an upward transition i8w. The rate of absorption of energy is therefore

dE\ _ _ _
<E> = ha)/dE g(E)R(E)[f(E) — f(E — hw)] ~ Rgh’w? (2.4)
where the approximate equality is applicable in the limit whiareand kT are both large
compared to the mean level spacing, but small compared to other energy scales: in the
right-hand expression both and R are evaluated at the Fermi energy.

The mean square matrix element can be estimated semiclassically [14]:

(A Hunl?)0 = ﬁ f " e explion (AH () AH(O) ¢ (2.5)

where (AH(t) AH(0))g is the microcanonical autocorrelation function of the classical
observable corresponding oA, evaluated at energf. Combining this result with (2.4),

the absorption coefficient can be expressed in terms of the classical autocorrelation function
of the perturbatiom H (r, p). The resulting expression can also be written in terms of the
classical change in energy of the individual electrons due to the perturbation: the change
in energy of an electron following a trajectonyr), p(¢) is

! ! aH i !
AE(t) =/ dr ™ (r), p@)). (2.6)
0
Combining this result with (2.5), the rate of absorption of energy by the electron gas is
dE g d 2
—)==—(AE 2.7
<dt> > G (BEC) 27

where (AE(r)?) is the variance of the change in the single-electron energies.

In our problem the perturbation is a sinusoidally varying electromagnetic field, specified
by a vector potentiaA(r) expiwt), and a scalar potentiab (r) exp(iwt). The component
of the perturbation of the Hamiltonian which is quadratic Ancan be neglected when
calculating the leading-order absorption coefficient; the remaining terms are

A e
AH =

(P-A+A-p)+ed. (2.8)

e

In discussing the magnetic dipole absorption, it is given that the magnetic field is

B(t) = V x A = Byexpliwt]. (2.9
The fluctuating magnetic field induces an electric fi€@dwhich is given by
dA
E=—-——+4+Vo. (2.10)

ot



Magnetic dipole absorption of radiation 2743

The Hamiltonian admits a set of gauge transformatioAs®) — (A', @) = (A, D) +

(Vu, d,1) which leave the electric and magnetic fields unchanged. We will assume that
the gauge has been chosen so tihat= 0. Physically, the electric field is not uniquely
defined by the magnetic field, and must be determined by a self-consistent condition, which
we discuss in section 3.

3. Self-consistent choice of the vector potential

3.1. Self-consistent electric field

The eddy currents induced by the fluctuating magnetic will themselves generate a magnetic
field. We will consider only the case of very small particles, for which this additional
magnetic field is negligible: this applies when the dimensions of the particle are small
compared to the electromagnetic skin depth. This assumption is compatible with the use
of semiclassical approximations, which require that the particle be large compared to the
Fermi wavelength. We therefore assume that the magnetic field is simply the externally
applied field, B(r) = Bpexpliwt]es. The electric field is required to uniquely determine

the perturbation of the Hamiltonian. In this section we will discuss the self-consistent
calculation of the electric field.

In discussions of the Zeeman effect in atomic physics, the perturbation of the Hamil-
tonian representing the magnetic field is conventionally taken to be proportional to the
component of the angular momentum operator along the direction of the field. It is natural
to ask why a more involved procedure is used here, but is unnecessary for the Zeeman
problem or for calculation of static magnetic susceptibility. At the end of this section we
show that the angular momentum operator gives the correct answer in the limit where the
frequency approaches zero, but not in general.

The electric field satisfies the Maxwell equations

0B
vxE="  v.g="2 (3.1)
dat €0
The electric field causes a current dengitip flow within the particle. We will assume that
a linear response theory is valid, but in general the current may be a non-local function of

the electric field: we will write

t
j(r, 1) = /dr’/ dt’' 6(r, 7t —tHE(@', ) (3.2)
wheregs is the non-local conductance tensor. We will also write this relation in the form
j(r, o) = fdr’ o(r,7; 0)E(,w) =6 E(r, ) 3.3)

where the second equality defines an operéatarhich maps the electric fiel& (», w) non-
locally into the current fieldi (r, w). For a monochromatic perturbation, the charge density
is

[ .
p=—-V-3. (3.4)
w
Combining these results, we find the following equation for the electric field:
V-7=0 j = (6 —iwey)E. (3.5)

This equation must be supplemented by a boundary condition in order to uniquely determine
the electric field. This is

Aej=0 (3.6)
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wheren is a unit vector normal to the boundary: this condition represents the fact that
charges cannot enter or leave the sample.

3.2. Representation of the field in terms of potentials

It will be convenient to write the electric field in terms of a vector and a scalar potential:

E=V x1+ V. 3.7)
We will only consider in detail cases where the fieddr) is of the form
P =Y (x, yes. (3.8)

This form is appropriate when the conducting particle is two dimensional, lying in the plane

z = 0, for three-dimensional particles in the form of general cylinders aligned with-the

axis, and can be extended to spheres and some other non-cylindrical geometries. Substituting
(3.7), (3.8) into the Maxwell equations, we find thatsatisfies Poisson’s equation in the

form

V2 = iwBo. (3.9)

We will always choosey (x, y) to satisfy the condition thaty = 0 on the boundary.
Having uniquely specifiedr (x, y), equations (3.5) and (3.6) are transformed into equations
determining the scalar potential

In some cases a local, isotropic conductivityw) will provide an adequate description.
In this case, the condition (3.5) reduces to the requirement¥ha¥ = 0, in which case
the electric field can be written in the form

E=Vx¢y+Vop V2¢ = 0. (3.10)

The boundary condition corresponding to (3.6) is then satisfied by taking a solution for which
¥ = 0 and¢ = 0 on the boundary: the latter condition implies tijat= O everywhere.

3.3. A remark on the low-frequency limit

After having described the approach used to define the correct perturbation, we will now
show that any form of the electric field which has a uniform valueVok E gives the
correct value of the absorption coefficient in the limit— 0. According to (2.7), the
absorption coefficient is proportional to the variance of the change in the single-particle
energy. The change of the single-particle energy can be written as

AE(I):/ dr’

0

aaf (r@), p)) = ia)/ dr’ g—: - A(r(t)) expliwt']. (3.11)

/

Consider the effect of making a transformatigh— A’ = A + V¢ on the absorption
coefficient. The change in the single-particle energy is transformexmo

/ H ! / H i d’l"
AE' = AE+|w/ dr eXp[Ia)t]J-V(p
o

1
= AE + iw/ do[r(@)] expliot'] = AE +iwX(t, w). (3.12)
fo
If @ =0, the correctionX () introduced by the transformation is simply
! dr
X0 = [ & Vo = olr)] - olr (o) (3.13)
fo
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which remains bounded as— oo. For finite w the correctionX (¢, w) satisfies
e . d d
(X2(1, w)) = t/ dr exp(lwr)<d—(tp(r)d—(tp(0)>+0(l) = ['(w)r + O(1) (3.14)

provided that the correlation function ofpdd: decays faster tham—t. Comparison with
(3.13) shows that the coefficierit(w) of the secular term approaches zerowas— O,
implying that the gauge-dependent contribution to the absorption coefficient vanishes in the
limit  — 0.

4. Semiclassical theory for non-local conductivity

4.1. General formula

We will use a semiclassical analysis for the non-local conductéity, ', ). We will first
consider the problem in rather abstract terms: we will discuss a Hamiltddianp, X),
whereX is a time-dependent parameter. The Hamiltonian determines the motion of particles
in a gas with phase-space density, p, ). The phase-space density satisfies the Liouville
equationd; p = {p, H}. A solution can be written in the form

p(r,p;t) = f(H(r, p; X) — EF)

Y ! / oH / / af o2
— X/ d' —— (r(t), p(t); X) = (H(r, p; X) — Ep) + O(X?).  (4.1)
e 0X OE
Formally, this is an expansion in the velocity of the perturbati&in, the results will be
valid for all frequencies, because the amplitude of the perturbation is infinitesimal.

The leading-order Weyl or Thomas—Fermi estimate of the density of states of a quantum
system states that the density of quantum stat€anig) ¢ in classically accessible regions
of phase space. We will therefore multiply the above solution by this factor, andftake
to be the Fermi-Dirac function.

Our Hamiltonian,H = (p — eA)?/2me + V has a time-dependent vector potential, so
we can write

.0H 0H e
X—=—.E=—p-E. 4.2
aX ~ 9A mel (4.2
The resulting current is
. e
Mme

The current flowing in response to the electric fiddr, ¢) is therefore

€2 t af
ity =————>>" [ d [dppi=-Pi(r.pit' —E;(R(r.p;t' —
i 0 = h)dmgj,/_oot,/ppaE i (r, p; 1 — 0 Ej(R(r, p; 1’ — 1))

e? .y , of
—mﬁfmd’/d”/d’" 3B

x Pi(r,p;t' —0)8[r' — R(r,p; t — 1]E;(r', 1) (4.4)

whereP;(r, p; ), R;(r, p, t) are theith components of the momentum and position at time
r for a trajectory which starts atr, p) at timer = 0. The components of the non-local
conductivity tensor are therefore

e2

/ af ,
oij(r,r’; 1) = WGO) f dp 8—EPin(7’,P, Hé[r' — R(r, p; 1)]. (4.5)
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Here 6(¢) is a step function:6(¢) = 1 for r > 0 and zero otherwise. We can write this
result in a simpler form:
2

Cyim? ————0(0)(pi(r, 0 p;(r', 1)) (4.6)

where(- - -) denotes an average over the initial momenta, defined by (4.5). We will consider
the evaluation of this quantity for diffusive motion in section 6; next we consider the case
of ballistic motion.

o(r,r' 1) =

4.2. Results specific to ballistic systems

Equation (4.5) can also be expressed as a sum over classical trajectories which travel between

r andr’:
-1

oij(r, 7' t) = 2 h)d Vo) (t)Z[det( )} (Pinit)j (Pfin)i - (4.7)

paths
In the low-temperature limit the terdy/d E reduces to a delta function, and this expression
becomes a sum of delta functiofi& — t;), where ther; are the times of trajectories from
T to v’ at the Fermi energy¥r.

. o | e .
P
-
P
.
° o | e . .
.
L _-
K.~
P
<
-
-
2
P
.
P
P
.
.
P
o | e °

Figure 1. lllustrating the images used in discussing expression (4.11) for a square billiard. The
sum over all paths fromr to ' can be represented as a sum over straight lkneslength L,
connectingr with the image points of'.

It is more convenient to consider the frequency-dependent non-local conductivity: if
the electric field isE(r) expiwt), then the current can be written in the form

jitr, 1) = expiot) Z f dr’ o;j(r, r'; ) E; (). (4.8)
J
Comparing with (4.4) and (4.5), we find

o0
oij(r, v’ w) = / dr expliwt)o;;(r, r'; T)
0

2

(27T/’l)2me pathS/ dr eXFXIa)T)/dO p,(@)pj(Q)S(r — R(r,p;7)) (4.9
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where in the second line we have specialized to the case of two dimensiong,isutikde
initial angle of the trajectory. Performing the integrations, we find

) 2R\ ) .
oij(r,r; ) = (2nh)2 gpaﬂi t(a ae)} pi(0)p;(0) explioty) (4.10)

where the sum runs over all trajectories which travel frerto ' in time 7, > 0 at the

Fermi energy. This general expression can be specialized in a variety of ways. We remark
that it has a rather simple form for billiards with boundaries consisting of only straight
edges. In this case the timeg are proportional to the lengths, of the trajectories, and
because there is no focusing or de-focusing of bundles of trajectories when they bounce off
the boundary, the form of the determinant is very simple: we find

2
oij(r, r';w) = (;T];_;Z Z ,:1n(k)n(k) exp(iwLime/ pF) (4.112)
k

wheren;, n’; are the components of a unit vector in respectively the initial and final directions
of the trajectory. As an example, the case of a square billiard is illustrated in figure 1. The
formula also gives the non-local conductivity in free space, with only the direct trajectory
included.

We close this section by remarking that in the limit> oo the non-local conductivity
becomes a very rapidly varying function ef, except for when the path length of the
trajectory is very short. Unless the electric field is a rapidly varying function of position,
the dominant contribution to (4.4) comes from the region whéris close tor, implying
that a local conductivitys;; (r, w) will give an adequate description. Whenis close to
r, the non-local conductivity can be approximated by (4.11), with only the direct trajectory
included. The local conductivity is then obtained as follows:

ie? p? _iNe?
(2 h)2 ZJTEZmea) Y mew

where N is the electron density per unit area. This result is precisely the same as the
high-frequency limit of the Drude formula for the conductivity.

Yij(w) = /dR expliomeR / pp)nin;; = 8ij (4.12)

5. The absorption coefficient for diffusive electrons

5.1. Preliminary comments

In the present section we calculate the absorption coeffigient for systems with diffusive
electron motion, using (2.6) and (2.7), assuming that the self-consistent electric field
is known. We show that the absorption coefficient can be written as a sum of two
terms. The first term describes a classical bulk contribution. The second term introduces
boundary contributions which could modify the absorption coefficient at frequencies below
wc = D/a?.

We begin by briefly discussing the classical expression for the absorption coefficient:
it is natural to compare the final answer with this result. The rate of absorption of energy
is given by integrating the rate of Joule heatihgE over the volume of the particle. The
current densityy is proportional to the local electric fieldi = oF = ioXoA where Xg
is the bulk conductivity of the metal. We therefore have

1 Sow? ne2Dw?
= dr 5% = f dr A2 = / dr A2 5.1
(@) 220E§/ mlilt =g 20282 1)
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wherern is the density of states per unit volume,= dN/dE = g/V. The boundary
condition for the electric field is determined by the fact that the current must be tangential
to the boundary. Unless there is a constant biasing magnetic field prdsdsataligned
with 5. This implies thatE - n = 0 at all points on the boundary (whefeis a unit vector
normal to the boundary).

Equation (2.5) suggests that the absorption coefficient might exhibit deviations from
classical behaviour at frequencies small compared to the Thouless frequerey:?/D,
which is the inverse of the time taken for an electron to diffuse across the sample. In the
following, we give a semiclassical treatment of the absorption coefficient with diffusive
electron motion. There are two distinct but related issues which must be addressed here.
Firstly, for a given electric field2(r), does the absorption coefficient exhibit any structures
at the Thouless energy? Secondly, is the self-consistent solution for the electric field
different above and below the Thouless frequency? In this section we consider the first
of these issues. In section 6 we will show how one of the results below can be used to
determine the non-local conductance, and consider the determination of the self-consistent
field in greater detail.

5.2. Calculation of the energy absorbed

Our calculation is based upon (2.6) and (2.7). Because the instantaneous velocity is not
well defined for a diffusive trajectory, we will divide the trajectory of the electron into finite
segments, in which the electron travels fregnto r, .1 with a uniform velocity, in a fixed

time incremen®t. Ther, are chosen from an ensemble of random walks confined within
the boundary of the particle. The change in the single-electron energy is

t N-1

AE(t) = Re[iew / dr’ expliot) A(r) - %} = Re|:iew Z expliot,) A(r,) -8rn:| (5.2)

0 n=0
wheretr = N'§8t, t, = (n + 3)8t, ér, = rup1 — 7y, and the quantityd is defined by
the requirement that each term in the sum equals the contribution to the integral from the
corresponding link in the random walk. For diffusive motion with fixed diffusion constant,
we must take(sr?) ~ 8t, so the error in each step must b&€¥) to achieve a convergent
estimate of the integral. The sum (5.2) can be approximated as follows:

N-1
AE(t) = Re[iea) Z exp(iwtn)A[%(rn F+ 7)) s (Puar — 'I"n):| + O 8r%) (5.3)
n=0

and the error term vanishes in the limit— 0. We remark that equation (5.2) is a stochastic
integral, and evaluation of the integrand of the mid-point of the step is equivalent to using
the Stratonovich definition of the integral [21]. The variance of (5.3) is

N=-1
(AE@®)?) =0 Y explio(t; — tH(A[5(r; + Ti11)] - 87
i,j=0

x A[L(r; 4+ 720] - 8r;) + O(S1)

~ N Y expliot,)C, (5.4)

n=—00

where

Cy = (A[5(ro +7D)] - 810 A[2 (1 + T0i2)] - 870). (5.5)
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The absorption coefficient is therefore proportional to the Fourier transform of a correl-
ation functionC (¢):

2 2 00
a(w) = 251 B2 n_Z:OOexp(lwtn)C = 282 / dr expliwr)C (1) (5.6)

where C(n §t) = C,/(8t)°>. The correlation function in (5.5) is an average over diffusing
trajectories of the electrons; it can be expressed in terms of the prop&jator’; ¢) which

gives the probability density for reaching from initial positionr at timez: for times large
compared tos: this satisfies the diffusion equation, [- DV2]P = 0. The correlation
function (5.5) involves trajectories which visit four different positiong, = r — %87:
ri=r+318r, 7, =7 — 18 andr,,y =7 + 380, at times 08¢, t — 5t andt: three
propagators are required to give the probability of for a path visiting these four positions,
and the average runs over all four positions. Assuming summation over repeated indices,
the correlation function is

C@t) = Vor 2fdrfdr /darfdar Ai(r + 38T)A; (v + 3677 8r; O]
x Pr+ér,r';t —8O)P(r,r+8r; 8t)P, v + 67'; 8t). (5.7)

We discuss the cases= 0 andt # O separately. At = 0, we havedr = 3/, and the
correlation function is easily evaluated, giving a result which {§Q

D / dr A(r)2. (5.8)

Here we have uset(A - 61)%) ~ $(A?)(87?) = D 8t (A?). This result implies that there
is a contribution toC(¢) of the form(D/V)(t).

= ((A-67)?) =

Figure 2. lllustrating the vectors and coordinate system used in the discussion of the construction
of the short-time propagator.

The case # 0 requires a more delicate treatment. We can expand (5.7) in both the short
time intervaldr and in the short stepr. It will turn out that the leading-order contribution
is O(8¢%), as opposed to the case for= 0. Because the motion is diffusive, we have
872 ~ 8t, so terms up to quartic ifr must be retained:

C(I)N—/dr/dr /dST/dST [Ai + 30, A 6r + 3 ”A 81y 811]
[Aj +3 3 Al dr, + 152 ,A’ 8r; 8r]] 8r; 8rj

e 8 “rir,

x [P(r,7';1) — 8, P(r,v;1) 8t + 8, P(r, ;1) ry
+ 292, P(r, 7' 1) 81 $r]P(r, 7+ 8r; SYP(r, 7 + 873 61). (5.9)

)
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The terms containing, P (r, r’; t) can be dropped when there are more than two factors of
8r. The integrals over products of ttie can now be separated out to give

Cr= gy [ [ or {A,-A,-[P — 0P 81](6r,) (57))

+ [3A]0,A; P+ 3A) 0, (PA;) — 34} 0, A; P)(Sr; 1) (8r7)
+ (34 9, A} P1(8r] 8r;) (1)
+ [§Ai 07, A} P+ 3A; A} 02, P1(Sri 8ri 1)) (5r)

+ [3A; 07, A} P1(8r) b1y 8r/)(8r:)

et J

1
V2

+ [50,4; 0, A; P+ 1A, 8, A; 8, PI{Sr; 8ri) (57 5r;>} (5.10)

where{sr) = fdar 3r P(r,r +8r; §t). Now consider the form of these integrals whizn

is sufficiently small. The propagat@t(r, r+dr; 8t) is small unless$r is small. Whenr is

not close to the boundary, this propagator can be approximated by a function of the distance
travelled,Py(|8r|, 8t): because the steps are assumed to be independent, the vasiatice
averaged over this distribution can be identified with2s: (whered is the dimensionality

of space). Whermr is close to the boundary, a solution satisfying the boundary condition

n + VP = 0 is constructed by the method of images. We denote the image of the source
point » by »*. The diffusion propagator is then

P(r,r+6r; 8t) ~ Po(l87|, 81) + Po(|ér + 7 — 77|, 81). (5.11)

Sincedt is small compared to the time taken to traverse the particle, the second term only
contributes for points: close to the surface, which can thus be considered locally flat. We
then introduce a local coordinate system arranged so that the nearest boundary point defines
the origin. In two dimensions, the surface tangent is given by theiinre 0, and the
normal byy = 0. The pointr lies at(x, 0), andr* = (—x, 0) (figure 2).

The averag€sdr;) vanishes unless is close to the boundary, in which case the mean
displacement is inwards, and its projection in the direction perpendicular to the surface is

(8x)x :/:de/ @ = 0[f& —x)+ f(x +x)] (5.12)
where f(x) is the projection of the distributio(|8|) onto thex-axis:

fx) = /dr Po(|d7], 81)8(x — éry) (5.13)
whereér, is thex-component oBr; this satisfies

/Do dx x2f(x) = 2D st. (5.14)

Equations (5.12) and (5.14) show that the mean inward displacethent is of typical
magnitudey/ D 8¢, in a layer of depth/ D 8¢ next to the boundary, and negligible elsewhere.
The weightw of these inward displacements is clearhD §z. We define

L
w= Iim/ dx (8x)y. (5.15)
L—oo Jo

We evaluatew by substituting (5.12), then making a change of variabfes= x’ + x,
X' = x' — x. The integral is written as the sum of two integrals, one over the domain



Magnetic dipole absorption of radiation 2751

X < L, |X'| € X, which vanishes because of a symmetry, and another integral which
involves only f(X’) in the limit L — oo: we find w = D §¢, which implies that

/dr F;(r){8r;) = —DSt/ds,- F; (5.16)

for any vector fieldF', where d; are the components of a vector element of the surface.
When evaluating the integrals ovélr; r;) we can approximate these terms b & §;;,
because the second term in (5.12) is significant only in a narrow layer of widd$z.

The terms containing averages&f make no contribution at ordér?. Retaining only the
leading-order terms, we find the following contribution fog O:

2
C@) = %fdr/dr’ 3, Ai(r) 3, A; () P(r, 7' 1)

DZ
— 27 ds; / dr’ A;(r) 8,/{A_,-(r/) P(r,r';t)

2
+ DV/dsi/dsj’- Ai(8)A;(sP(s, s’ 1). (5.17)

After integrating by parts, and adding the delta-function contribution frem0, we find

C(t)_DS(t)/drAA——fdrfdr AiA; ,rP(rr t). (5.18)
Before Fourier transforming this expression to determine the absorption coefficient, we will
introduce a convenient expression for the propagator:

Plr.r's1) = 0(1) ) xa(T) xa(r') €XP(—DKS1) (5.19)
where they,(r) are solutions of the Helmholtz equation [+ k2]x, = O, satisfying

the Neumann boundary condition d,, x. = 0. Using this result, we find the following
expression for the absorption coefficient:

) ) D2k2
a(w)=Kw [/ dr A Z (DI27Z + r A; 0y, Xa ] (5.20)
where
D %
K e} —ge 2 = —g. (5'21)
By By

Equation (5.20) is the main result of this section. As pointed out above, it consists of two
terms. The first term is just the classical result derived at the beginning of this section. The
second term is written as a sum over eigenmodes of the diffusion propagator. It incorporates
boundary effects, as will be seen in the next section.

5.3. The low-frequency limit

We conclude this section with two remarks concerning the low-frequency limit. First, we
show that the result (5.20) fulfils a condition discussed at the end of section 3, where we
noted that the low-frequency limit of the absorption coefficient must be invariant under
adding any gradient to the vector potential. To see this, consider the effect of the following
transformation:

A,‘ — A,‘ + 8,,.90. (522)
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In the limit  — 0 the absorption coefficient is determined by the integral of the correlation
function. The addition of the term,,¢ produces two new terms in the delta function
contribution in (5.18), one an integral containing a,,¢, the other containind,,¢ a,,¢.
Corresponding additional terms appear in the double space integral in (5.18). Consider the
first of these terms, linear if,¢. In order for these terms to make no contribution to the
absorption coefficient, it is sufficient to show that the following two integrals are equal:

I=D / dr / dr / dr' A; 0,097, P (5.23)
I' = 2/ dr A; 9,,¢. (5.24)

We will use the result

Sr—r) =Y Xa(™)Xa(r). (5.25)
Using (5.20), we find
= 22% [ [ o 458,080, )
=2 f dr / dr' Ai(r') 3y, Xa (T) Xu ()

= 2/ dr / dr’ Aip(r) 3.8(r —r) =1" (5.26)

This shows that terms involving; 9,,¢ cancel and do not contribute to the absorption in
the limit o« — 0. Since this result applies for any vector fiedd, we can replaced; by
d,,¢ and deduce immediately that the terms quadratig,ip also cancel.

Second, we comment on the form of the absorption coefficient in the linjs . and
o < we. The vector potential can always be written as a sum of the curl of a divergenceless
field, and a gradient:

iwA=a+Vp=Vx1y+ Vg V-¢y=0 (5.27)

with the field @ chosen so that it is tangential to the boundaty- @ = 0). In the case
o > wg, the absorption coefficient is determined by the delta-function contribution, and we
have

/Iim a(w) = Ko / dr (a®+ Ve?) (5.28)
with K given by (5.21). In the case <« wc, on the other hand, the calculation that
we described above shows that the potengiainakes no contribution to the absorption
coefficient, and that

w/l(ium_)oa(a)) = Ka)Z/dr a?. (5.29)
We showed in section 3 that if the vector potential is written in the form (5.27), then
the potentialy is zero when the conductivity is isotropic and local. Inspection of (5.20)
shows that the boundary contribution to the correlation function vanishes gkanishes.

In more general cases, comparison of (5.28) and (5.29) shows that if the electric field is
independent of frequency, the absorption coefficient is reduced, relative to its classical value,
at frequencies below the Thouless frequengy
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6. Self-consistent electric field: the diffusive case

6.1. Non-local conductance

We can deduce the non-local conductivity from the results of the previous section in two
ways. We could use (4.6) as the definition of the conductivity, and evaluate it by setting
A(r) = 8(r — R)e; in (5.5), so that

2

e
(27 h)4 812
Alternatively, if we write the absorption coefficient in terms of the non-local conductivity
in the form

0,j(R, R 1) = (1) (8(R — ) 8r; S(R — 1) br)). (6.1)

a(w) = 2—22/dr/dr’/dt expliot)oy;(r, r', T)Ei(r)E;(r') (6.2)
0

the kernelo;;(r, v'; t) is deduced from (5.18). By either route we find, in the frequency
domain,

o (r,7'; @) = So[8;8(r — ) = D&, 8, P(r. 7 )] 6.3)

whereX is the bulk conductivity, an®(r, r’; w) is the Fourier transform of the propagator,
given by (5.19).

This form for the non-local conductivity was originally given in reference [16] (and
in the DC limit in reference [15]). The argument in these earlier papers involves the
diagrammatic analysis of disorder-averaged perturbation theory, and in the case of [16] it
appeals to a sigma model formalism. We believe that our derivation is more direct, and
also more compelling. Our derivation considers the effect of the surface explicitly, whereas
it is not clear from the diagrammatic analysis that there are not additional contributions
which arise from integrating fields over the surface of the sample. Our derivation also
deals explicitly with the fact that the trajectories are discontinuous, and we show explicitly
how the correct evaluation is related to the Stratonovich definition of the integral over the
trajectory.

6.2. Self-consistent solution

The self-consistent electric field has to be chosen to satisfy (3.5). First we remark that
in the case of diffusive electron motion, the term containiggs negligible, and can be
dropped. Estimating the magnitude ®fby the bulk conductanc&q = ne?D, and noting
that the bulk plasma frequency scalewi§~ Ne?/meeo, We see that this term is negligible
provided thatw > ws, Wherews is the elastic scattering rate. This is consistent with the
assumption that the electron motion is diffusive.

We therefore wish to determine an electric field for wheh (6 E) = 0. Using (6.3)
this satisfies

3, / dr’ [5(7’ —)E(r') = D3, 8, P(r.; ) E; (r’)] —0. (6.4)
Using the diffusion equation we find
ia)[/d'r“ Plr,r'; w) BV;E,-(T’) —/ds]{ Plr,r'; CL))E]'(T/)] =0. (6.5)

This equation has a solution wheXe- E = 0 everywhere, withE tangential to the bound-
ary. The classical solution for an isotropic local conductance satisfies these conditions.
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6.3. Calculation of the absorption coefficient

We can now use the solution of the form (3.7), (3.8), with= 0, and withi tangential to
the boundary. Referring to (5.20) we observe that, after integrating by parts, the integrals
are seen to vanish because the fidids divergenceless and is tangential at the boundary.
It follows that the summation in (5.20) vanishes, and that the absorption coefficient is given
by the classical expression (5.1), at all relevant frequencies.

We conclude by describing a useful approach to calculating the fieldatisfying
Poisson’s equation (3.9). The solution can be obtained from a Green’s fur@tion-’)
satisfyingV2G = —8(r — r’). A suitable Green’s function is

where theg,(r) and k2 are eigenfunctions and eigenvalues of the Helmholtz equation,
[V2 + k2]&, = 0, solved with the Dirichlet boundary conditidp(r) = 0. The fieldy (r)

is then obtained by applying this Green'’s function to the source terBy appearing in
(3.9). In two dimensions, the absorption coefficient can then be written in terms &f the
as follows:

_ %o 2__ %o y =io 22 [
a(w) = 2E§/dr |Vy|” = ZES,/dr U VA = Iw2E0)2 dr . (6.7)

Using the Green’s function (6.6) to obtaih, we have

/ dr £,(r)

This is a very general expression for the classical magnetic dipole absorption coefficient
in particles with diffusive electron motion, expressed in terms of solutions of the two-
dimensional Helmholtz equation. As it stands, equation (6.8) is valid for two-dimensional
particles.

We note that the eigenfunctioi§s(r) obey Dirichlet boundary conditions and that the
absorption coefficient for a given geometry can be significantly reduced by applying cuts
orthogonal to the boundary: the main contribution to the sum in (6.8) comes from the
ground state and the low-lying states and the corresponding eigenvalues are increased by
applying cuts. This behaviour is expected since such cuts inhibit the flow of eddy currents
which causes the absorption.

2

1
2c2 £~ k2

2

(6.8)

6.4. Some examples for simple geometries

In this section we summarize our results for specific geometries, namely discs, squares, and
spheres (the result for the latter is well known [1, 8], and is included to establish connections
with earlier work). For two-dimensional discs of radimswe haveys = iwBor?/4. Using

(3.10) and (5.1) we obtain

7 Yow?a
16 2
This result is easily shown to be consistent with (6.8), using the fact that, thee defined
by Jo(k,a) = 0 and thatd", k% = a*/32. For squares of side-length we obtain

n-'n

4

a(w) =

(6.9)

32 Tow2a* 4 1 1

6 2 2,2 1,2 2"
T c m’n>omn mec—+n

a(w) =

(6.10)
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The sum can be evaluated numerically and give2®. ... Finally, for spheres of radius,
equation (6.8) is to be modified as follows:

2 2

an) “ 1
o) =3 [ @ Y| for s (6.11)
where the eigenvalues are defined Jyyk,r,) = 0 andr? = a? — z2. We obtain
7 Towa®
a(w) = I (6.12)

Equation (6.12) reproduces the well-known absorption coefficient for metallic spheres [1].
In [1], this result is compared to the absorption coefficient for electric dipole absorption,
which has a different size dependeneeg®. In two dimensions, on the other hand, the size
dependence is the same for magnetic and electric dipole absorption. The latter coefficient
was calculated in [13]:

34 e2a*»?

ael(w) = g o

(6.13)

7. Ballistic electron motion

7.1. General remarks

In the case where the electron motion is ballistic, the electric field must be determined by the
non-local conductivity, and equations (3.5) and (3.6) must be solved to determine the electric
field. Fortunately, in both the high- and low-frequency limits, there are considerations which
simplify the discussion.

In the low-frequency limitw <« w¢, we showed in section 3 that on¥ x F is relevant,
and that we can use any electric field for which the circulation is spatially uniform. It follows
from (2.3)—(2.5) that the absorption coefficient is proportionabfoat low frequencies.

In the high-frequency limit, the conductivity tensor (4.10) acts over a radhgevg/w,
and the conductivity becomes effectively local, with valléw) = iNe?/m.w. The non-
local self-consistency condition for the electric field then reduces to the same requirements
as for the diffusive case: the electric field is tangential to the boundary, and is derived from
a field v which satisfies (3.9).

From (2.5), it is clear that the high-frequency behaviour is determined by discontinuities
in derivatives of the correlation function. The correlation function of the smooth perturbation
f(@) = » - E for motion in a billiard has discontinuous derivatives due to the change of
direction when the particle collides with the boundary. In the neighbourhood of a collision
with the boundary at = 0, the perturbation takes the form

f@) =@ +7") - E[(7" + )t]O(=t) + (¢ = +") - E[(7' — 7")t]O (1) (7.1)

where’ andr” are respectively tangential and normal components of the velocity at the
instant before the collision, an@(z) is the step function. Taylor expandirg(») we find
(with repeated indices summed over)

[@) ~ HE; + F E{O(=1) — ©(0)} + (] + /i) 8, E; 1
+ (] + ') 8, E: t{O(—1) — O (1)} (7.2)
For a general electric fieldf (r) has discontinuities im of magnitude 2"E; on collision

with the boundary, but for electric fields tangential to the boundary, the discontinuities are
in the first derivative, and are of magnitudélfzjf/ + r’,.”r'jf) o, E;.
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If f(¢) has discontinuities in itath derivative, the Fourier transform of its correlation
function decays a®m 2"t asw — oo. The absorption coefficient is obtained from this
Fourier transform by multiplying by a factor which contai@3. In the case of a general
field we therefore expect the absorption coefficient to approach a constamt $orawc,
whereas for a tangential field we expect thaib) ~ =2 for w > w.. We know that the
field E(r, w) approaches the tangential formas—~ oo, but we have no information about
how rapidly this limit is approached. We can only say that the absorption coefficient must
decrease fot > wc, and that it is unlikely to decrease faster thar?.

7.2. An example: the square billiard

It is instructive to discuss an example: we consider the absorption coefficient for a square
billiard with ballistic electron motion, with two different, frequency-independent, choices
for the electric fieldE(r), both satisfying (3.7), (3.9). First we calculate the absorption
coefficient assuming that the field is tangential to the boundary, and then consider the
case where it is circularly symmetric (which corresponds to taking the angular momentum
operatorL, as the perturbation. The results will illustrate the application of (2.5), and
will verify two of the conclusions from the arguments above: we find that the absorption
coefficients agree in the low-frequency limit, and that at high frequencies the absorption
scales as 2 for the tangential field, but as® for the radially symmetric field.

In terms of the perturbation

AH(r,p) = mip - A(r) (7.3)

the absorption coefficient is given by

2 00
a(w) = %g(E,:) Re/o dr ei‘”’(AH(r,, D) AH(r,p)>. (7.4)

The perturbation (7.3) is determined by the choice of the vector potetgial. We will first
assume that (r) is tangential to the boundary of the particle. Accordingly we take O

in equation (3.7). The fields(x, y) in equation (3.8) is determined from equation (3.9)
which is most conveniently solved using the Green’s function (6.6). For a square af side
we obtain for the perturbation

e, (2 4 oad Esin(mnx/a) coSnmy/a)
AH(r.p) = meBOa (n) |:px Z mn(m? + n?)

mn

odd i
m coSmmx/a) sm(nny/a)} (7.5)

+ p, _
Py ~ g mn(m?2 4 n?)

Since motion in the square is integrable, the autocorrelation function of the perturbation in
(7.4) is calculated as an average over tori:

2
(AH(’rt,p,)AH(fr,p)>=/(§Te)2 du(I) AH(I,0) AH(I, 6 + w(I)1) (7.6)

where qu(I) = g(Er)~*8[Er — H(I)] averages over the toril and@ are the action and
angle variables characterizing the motion in the squard; are the respective frequencies.
Equation (7.6) is easily evaluated [22]. The result is of the form

8 meelwla®ue

o (a)) = F CZEZ

flw/we) (7.7
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where f (z) is an energy-independent scaling function aRd= ve/a. For large frequencies,
f(z) ~ z~* and hencex(w) ~ w=2. For small frequencies, on the other hand, one obtains

2 5 odd 1 1

8 meelwla®ue
a(w) = — — .
(@) 78 212 Z m2n2 (m2 + n2)3/2

(7.8)
m,n>0
As remarked in section 7.1, the absorption coefficient is proportionab’dor small
frequencies.

In order to verify explicitly that the low-frequency absorption does not depend on the
boundary conditions for the electric field, as discussed in sections 3.3 and 7.1, the above
calculation can be repeated using a vector potential in the symmetric gauge:

A= %(—y,x,O). (7.9)
We note that this choice of the vector potential does not satisfy tangential boundary
conditions. The corresponding perturbation is
eBy
2me
For small frequencies we find again the result (7.8), thus verifying explicitly that the

boundary conditions do not influence the low-frequency absorption. For high frequencies,
on the other hand, we find(w) ~ »°, as predicted in the previous section.

e
AH(r,p) = m—p-A: L.. (7.10)
e
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